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Abstract 
The I-beam containing a crack, loaded by the bending moment and the axial force is considered in this paper. The Mode I stress 
intensity factor for the beam is determined based on classical expressions with taking into account the cross-section warping by 
the reduced force and moment, which are valid for the thin-walled beams. On diagrams representing the Mode I stress intensity 
factor variation with normalized crack length, in intersections of curves for various values of loads and fracture toughness of the 
beam material, one obtains values of the crack length for which the fracture of the particular beam would occur. The adopted 
beam material is steel Č.0562 (St 52-3). The Paris law was used for determination of the average crack growth speed. From the 
diagram of the ΔK (difference between the stress intensity maximum minus and minimum values) variation in terms of the crack 
length, one can notice that at the beginning, it increases linearly with the crack length, and then, after a certain value of the crack 
length was reached, it increases abruptly. This could be explained by the fact that the crack length begins to increase suddenly 
after certain number of load cycles was reached. 
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1. Introduction 
Stress analysis is a very important task in steel structures design, considering the fact that numerous experiments 
have verified that their collapse occurs before the theoretical strength was exhausted. This decrease of strength 
comes from defects of the crack type, which represent the source of the stress concentration. The stress intensity in 
the field around a stress concentration source increases with the external load increase and towards the crack tip. 
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Application of the linear elastic fracture mechanics to fatigue and analysis of fracture of steel bridges is limited 
by lack of solution for the stress intensity factor that characterizes the magnitude of the stress field at the crack tip. 
When the value of the stress intensity factor is known, one can determine the static strength of the structure contain-
ing a crack, as well as the fatigue crack growth in the cyclic loading conditions. In the safety-against-fracture design, 
the calculated value of the stress intensity factor must not exceed the fracture toughness of material that the structure 
is made of. 
 
Nomenclature 
 
x, y, z  coordinate system at the center of the cross section at the mid-span of the I-beam 
M   bending moment 
N    axial tensile force 
t thickness of the I-beam flange 
b width of the I-beam flange 
h  height of the of the I-beam web 
L  length of the I-beam 
a  crack length 
NT  reduced axial force 
MT  reduced bending moment 
B  bimoment 
A cross-section area,  
Iy , Iz  moments of inertia of the cross-section 
ωP  sectorial coordinate  
PωI  sectorial moment of inertia  
s  arc coordinate 
KI  mode I stress intensity factor (SIF) 
KIC  fracture toughness 
Kmax  maximum SIF corresponding to Nmax 
Kmin  minimum SIF corresponding to Nmin 
ΔK  difference between the minimum and maximum SIF 
N  number of load cycles  
Nmax  maximum number of load cycles 
Nmin  minimum number of load cycles 
C, m  material constants 
da/dN  crack growth rate 
ai   initial crack length  
acr  critical crack length 
 
The I-beams are the most widely applied in steel structures. This is why it is extremely important to analyze the 
crack behavior in these structural elements. 
Many researchers have dealt with determination of the stress intensity factor of structural elements containing a 
crack. The stress intensity factor for a beam of a rectangular cross-section, containing a crack, was determined by 
Kienzler and Hermann [1], using the energy conservation law and the elementary beam theory. Their method was 
exploited by Hermann and Sosa [2] to determine the stress intensity factor for different loading conditions. The 
stress intensity factor is a function of the cross-section geometry and the crack length. Gao and Hermann [3] applied 
the asymptotic approach to a method proposed by Kienzler and Hermann [1] to obtain explicit expressions for stress 
intensity factor for pipes and beams. Using the same method, Müller et al. [4] have determined the stress intensity 
factor for beams of circular and rectangular cross-sections for various loading conditions. Dunn et al. [5] have calcu-
lated the stress intensity factor for the I-beam subjected to the bending moment, while Ricci and Viola [6] have 
determined the stress intensity factor for the beam of a T-cross-section. 
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Another method for determination of the stress intensity factor of engineering structures was proposed by Xie 
and Wang [7]. This method, called the G* - integral method, was applied by Xie et al. [8] for determination of the 
stress intensity factor for tubes of the rectangular cross-sections. 
2. Problem formulation 
The beam containing a crack, subjected to bending moment M and the axial force N, is presented in Figure 1. The 
cross-section of the beam is the I-profile, with dimensions defined in Fig. 1. The flange width is b and the web 
height is h. The thickness of both flange and the web is t. The crack length is a. 
 
Fig. 1. Geometry and loads of the I-beam containing a crack. 
In order to determine the stress intensity factor, one considers the flange (or the web) separately from the rest of 
the beam. The expression for the stress intensity factor for the thin plate, for the case of loading by the axial force 
and the bending moment, is the sum of stress intensity factors for the two loads, proposed by Tada et al. [9]: 
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are the stress intensity factor for the plate loaded by the axial force and the bending moment, respectively, and 
where NT and MT are the reduced axial force and bending moment, respectively, that act upon the plate of width b 
and thickness t. Reduced axial force NT and the bending moment MT for the case of the I-beam are: 
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where: N – is the axial force, My and Mz – are the bending moments, B – is the bimoment, A – is the cross-section 
area, Iy and Iz – are the second area moments (moments of inertia) of the cross-section, for axes y and z, respectively, 
ωP – is the sectorial coordinate, PIZ – is the sectorial moment of inertia and s is the arc coordinate. 
 The cross-section characteristics are calculated as follows: 
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where hP – is the distance from the zero (initial) point.  
3. Working life of the I-beam 
The unstable crack growth occurs when the stress intensity factor KI becomes greater than the experimentally de-
termined material characteristics, the fracture toughness KIc. The crack growth equation gives the relationship be-
tween the crack length increment Δa and increase of the number of load cycles ΔN. Paris and Erdogan [10] have 
established that the variation of the stress intensity factor can describe the subcritical crack growth in the fatigue 
loading conditions, in the same way as the stress intensity factor describes the critical or the fast fracture. They have 
established that the crack growth rate is a linear function of the stress intensity factor in logarithmic coordinates, i.e.: 
( )mda C K
dN
 ' ,  (7) 
 
where da – is the crack length that varies from the initial to the critical value, which leads to fracture, N – is the 
number of load cycles, C and m – are the material constants and ΔK = Kmax - Kmin – is the change of the stress intensi-
ty factor (i.e. the difference of stress intensity values at maximum and minimum loads).  
The remaining working life of the I-beam is obtained by integration of expression (7): 
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where ai  - is the initial crack length and acr - is the critical crack length (at fracture). 
4. Results and discussion 
The following dimensions of the beam were taken in analysis: h = 0.2 m, b = 0.1 m, t = 0.01 m and L = 2 m. The 
crack position is at the middle of the beam span. Variation of the Mode I stress intensity factor in terms of the nor-
malized crack length a/h, based on expressions (1) to (6), is presented in Fig. 2, for four different loadings. The axial 
force was assigned values N = 0 kN, 20 kN, 40 kN and 60 kN, while the bending moment value was taken to be M = 
1 kNm. 
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Fig. 2. Mode I stress intensity factor of the I-beam in terms of the normalized crack length for different values of the axial force. 
In Fig. 3 is shown variation of the Mode I stress intensity factor in terms of the normalized crack length a/h, ob-
tained based on expressions (1) to (6) by the symbolic programming routine Mathematica®, for four different load-
ings. The bending moment values were M = 1 kNm, 3 kNm, 5 kNm and 7 kNm, while the axial force value vas N = 1 
kN. 
 
Fig. 3. Mode I stress intensity factor of the I-beam in terms of the normalized crack length for different values of the bending moment. 
From Figs. 2 and 3 one can see that the stress intensity factor increases with crack length. It can also be noticed 
that the slope of the curves is changing as the crack traverses from the flange to the web of the I-profile. The slope 
on the flange is steeper than on the web. 
A horizontal line was drawn in both Fig. 2 and Fig. 3, which represents the value of the I-beam material's fracture 
toughness. Material used in analysis was steel Č.0562 (St 52-3) for which the fracture toughness value is KIc =158 
MPam-1/2. In intersections of curves for various values of loads and the straight line for fracture toughness for the 
beam material, one obtains values of the critical crack length for which the fracture of such a beam would occur. 
In Fig. 4 is presented the change of the Mode I stress intensity factor ΔK = Kmax - Kmin in terms of the crack 
length. The bending moment was constant and its value was M = 1 kNm. Axial force was varied within range Fmin = 
1 kN to Fmax = 10 kN. Material characteristics used in analysis were Young's elasticity modulus E = 210 GPa and the 
Poisson's ratio ν = 0.3. 
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Fig. 4. Change of the stress intensity factor ΔK = Kmax - Kmin in terms of the crack length (for the axial force change from 0 to 10 kN). 
From Fig. 4 one can see that ΔK = Kmax - Kmin initially increases linearly with the crack length increase, then after 
reaching certain crack length value, it increases abruptly. This can be explained by the fact that the crack length 
starts to increase significantly after certain number of load cycles was reached. 
In Fig. 5 is presented the curve of the fatigue crack growth, i.e., variation of the crack length with the number of 
load cycles, based on equation (8). The bending moment is constant and it amounts to M = 1 kNm. The axial force 
changes from F = 1 kN to F = 10 kN. Material constants needed for calculating the beam's service life are m = 3 and 
C = 1.83u10-11. 
From Fig. 5, one can see that the crack would not propagate until about 50 000 cycles. Then its length increases 
linearly up to approximately 150 000 cycles, when the crack growth rate becomes significant. 
 
Fig. 5. The curve of the fatigue crack growth – crack length in terms of the number of load cycles. 
5. Conclusions 
In this paper was considered the I-beam containing a crack, loaded by the bending moment and the axial force. 
The Mode I stress intensity factor was determined based on the classical expressions for the thin plate with taking 
into account the cross-section's warping via the reduced force and bending moment, which are valid for the thin-
walled beams. 
Based on results presented in this paper it is possible to determine the critical value of the crack length for which 
the fracture of the I-beam would occur for the given loading conditions. 
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Paris law was applied for determination of the average crack growth rate. The change of the stress intensity factor 
(difference between its values at maximum and minimum loads) increases linearly with the crack length, initially, 
then it slowly accelerates and after the certain value of the crack length its increase becomes abrupt. This is ex-
plained by the fact that the crack growth rate starts to increase significantly after a certain (critical) number of load 
cycles is reached. 
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